
Fortgeschrittenenpraktikum Physikalische Chemie SS07 
Praktikumsversuch: Quantenchemie (Prof. Dr. Thorsten Klüner) 

 
Ort:  Nach Vereinbarung 
Zeit: Nach Vereinbarung 
Betreuer: Imed Mehdaoui (W3-0-032) und Matthias Mehring (W3-0-037) 
Login: pcf 
Passwort: Wird vom Assistenten mitgeteilt (pro Gruppe neues Password) 
 
Literatur: 
a) Praktikumsskript 
b) Atkins Physikalische Chemie (Gruppentheorie)  
c) F. Jensen, Introduction to Computational Chemistry 
d) A. Szabo, N. Ostlund, Modern Quantum Chemistry 
e) Einführende Literatur: Nobelvortrag John Pople 
     http://nobelprize.org/chemistry/laureates/1998/pople-lecture.pdf 
 
Prüfungsrelevante Themen zum Antestat: 
- Gruppentheorie 
- Molekulare Schrödingergleichung 
- Slaterdeterminanten 
- Hartree-Fock-Theorie/SCF 
- Konfigurationswechselwirkung 
- Coupled Cluster 
- Basissätze 
- Z-Matrix 
- Azomare Einheiten 
- g03 Inputfiles (Aufbau, Optionen) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



1.) Einführung in Unix 
Unix-Kommandos und Tools „man, mkdir, cd, df, du, ssh, slogin, ls, pwd, ps, top, less, 
more, cat, tail, cp, mv, rm, chmod, find, diff, kill, hostname, grep, gnuplot, tar, gzip“ 
Aufgaben:  
a) Melden Sie sich mit Ihrem login und Ihrem password an dem Arbeitsplatzrechner an.  
b) Erstellen Sie ein Verzeichnis, in welchem der Praktikumsversuch durchgeführt wird 
(Namen der Teilnehmer und Datum sollten enthalten sein) 
c) Geben Sie den absoluten Pfad des Verzeichnisses an. Auf welchem Server befindet 
sich das von Ihnen angelegte Verzeichnis, wie viel Festplattenplatz steht auf dem 
Filesystem insgesamt zur Verfügung und wie viel Festplattenplatz könnten Sie nutzen 
(Angaben in GByte)? 
d) Melden Sie sich unter Verwendung einer secure shell (ssh) auf dem Server an, auf dem 
sich ihr Unterverzeichnis befindet und wechseln Sie in das von Ihnen auf der Workstation 
erstellten Unterverzeichnis.  
e) Wie viele Prozessoren und wie viel Hauptspeicher (in MByte) stehen Ihnen insgesamt 
zur Verfügung und wie groß ist die momentane Auslastung des Servers? 
f) Üben Sie den Umgang mit Unix, indem Sie einige der oben angegebenen Kommandos 
ausführen. 
 
2.) Quantenchemie mit Gaussian03 
Aufgaben: (alle in dem von Ihnen erstellten Unterverzeichnis durchzuführen) 
 
2.1) Berechnung der Hartree-Fock-Energie und der Geometrie von Wasser (6-31G* 
Basis): 
a) Erstellen Sie z.B. mit dem Editor nedit ein Inputfile für das Programm g03 mit 
folgenden Zeilen und speichern Sie die Datei unter dem Namen H2O.com 
---------------------- ----------------------------------------------- 
#RHF/6-31G* POP=FULL GFInput IOP(6/7=3) 
 
Meine erste ab initio Rechnung: HF-Energie von H2O 
 
0 1 
O -0.464 0.177 0.0 
H -0.464 1.137 0.0 
H 0.441 -0.143 0.0 
 
---------------------------------------------------------------------- 
 
b) Erklären Sie die Bedeutung der einzelnen Zeilen des Inputfiles. 
 
c) Starten Sie Ihre g03 Rechnung mit folgendem Kommando: g03<H2O.com>H2O.out 
 
d) Betrachten Sie das Outputfile (z.B. mit less oder nedit) und ermitteln Sie die Hartree-
Fock-Gesamtenergie und die Partialladungen von Sauerstoff und Wasserstoff. 
 



e) Führen Sie eine Geometrieoptimierung des Wassermoleküls durch. Erstellen Sie zu 
diesem Zweck ein neues Inputfile, das sich von Ihrem ersten Inputfile durch das 
zusätzliche Kommando OPT in der ersten Zeile unterscheidet. Ersetzen Sie die 
kartesischen Koordinaten durch eine genäherte Z-Matrix für das Wassermolekül und 
starten Sie danach das g03 Programm erneut, wobei Sie ein entsprechend dem Namen 
Ihres Inputfiles einen Namen Ihres Outputfiles wählen sollten. Je nach Wahl Ihrer 
Startgeometrie und Auslastung des Servers kann die Rechnung einige Minuten dauern. 
 
f) Analysieren Sie das Outputfile und geben Sie die optimierte Geometrie und die 
dazugehörige Gesamtenergie an. Geben Sie die einzelnen Schritte der 
Geometrieoptimierung an, indem Sie die Gesamtenergie gegen die Schritte der 
Geometrieoptimierung auftragen. Dazu verwenden Sie das Programm gnuplot. Für das 
Protokoll können Sie natürlich auch Windowsprogramme wie Excel verwenden.  
 
g) Führen Sie analoge Rechnungen mit einer STO-3G und einer 6-311+G** Basis durch. 
Was bedeuten diese Basissätze? Wie viele primitive bzw. kontrahierte Funktionen sind 
jeweils in diesen und im 6-31G*-Basissatz enthalten? Protokollieren und interpretieren 
Sie Ihre Ergebnisse (Gesamtenergie und optimierte Geometrie) im Sinne des 
Variationsprinzips und im Vergleich zum Experiment!  
 
2.2) Protonenaffinität von NH3: 
Ziel dieses Praktikumsversuchs ist die Berechnung der Protonenaffinität von Ammoniak 
in der Gasphase. Dies entspricht dem Gesamtenergieunterschied von NH3 und NH4

+.  
a) Welcher molekularen Punktgruppe sind diese Moleküle zugeordnet?  
b) Konstruieren Sie die Z-Matrix dieser Moleküle mit Hilfe des Programms „molden“ 
(Einweisung durch den Assistenten). 
 
c) Berechnen Sie auf Hartree-Fock-Niveau die Gesamtenergieunterschiede für die 
nachfolgenden Geometrien der Moleküle unter Verwendung eines STO-3G und eines 6-
311G** Basissatzes. 
NH3:   r(NH)=1.012 Å, <(HNH)=106,7° 
NH4

+:  r(NH)=1.024 Å, <(HNH)=109.471° 
 
d) Geben Sie die Protonenaffinität von Ammoniak in eV und kcal/mol an und 
vergleichen Sie Ihre Ergebnisse mit experimentellen Daten aus der Literatur 
(Diskussion!).  
 
2.3) Berechnung einer Potentialkurve am Beispiel des N2-Moleküls:  
Ziel dieses Praktikumsversuchs ist die Berechnung einer Potentialkurve für das 
Stickstoffmolekül. 
a) Skizzieren Sie den Grundgedanken der Born-Oppenheimer-Näherung quantitativ 
ausgehend von der molekularen Schrödingergleichung und diskutieren Sie die Gültigkeit 
dieser Näherung! Informieren Sie sich dazu in Lehrbüchern oder in der Literatur. 
 
b) Berechnen Sie die Potentialkurve des N2-Moleküls auf RHF/cc-pVTZ Niveau. 
Berechnen Sie dazu die Gesamtenergie als Funktion des Abstands der beiden 



Stickstoffatome (von 0.7 Å bis 5.0 Å), wobei die Schrittweite 0.1 Å betragen soll. Sie 
können diese Rechnungen durch die Verwendung eines shell-skripts oder durch 
Schreiben eines FORTRAN-Programms automatisieren. Informationen erhalten Sie ggf. 
beim Assistenten. 
 
c) Tragen Sie die Energie des N2-Moleküls als Funktion des Abstands der beiden 
Stickstoffatome auf (z.B. mit gnuplot). Ermitteln Sie den Gleichgewichtsabstand des 
Moleküls. 
 
d) Optimieren Sie nun die Geometrie des N2-Moleküls automatisch durch Verwendung 
des OPT-Kommandos im g03 Inputfile und vergleichen Sie die Ergebnisse mit den 
Resultaten aus 2.2c). Diskutieren Sie die Ergebnisse im Vergleich zum Experiment und 
begründen Sie die möglicherweise auftretenden Abweichungen hinsichtlich der 
verwendeten ab initio Theorie (RHF). 
 
e) Erstellen sie ein MO-Diagramm des N2-Moleküls beim Gleichgewichtsabstand, indem 
Sie die Orbitalenergien (anzugeben in eV) der kanonischen besetzten und der niedrigsten 
unbesetzten RHF-Orbitale relativ zueinander auftragen. Diskutieren Sie Ihr Ergebnis im 
Vergleich zur Literatur (z.B. Atkins „Physikalische Chemie“ oder Lehrbücher der 
anorganischen Chemie) Visualisieren Sie die Orbitale unter Verwendung des Programms 
molden. Legen Sie Ausdrucke der Orbitale Ihrem Protokoll bei. 
 
f) Optimieren Sie die Geometrie des N2-Moleküls automatisch durch Verwendung des 
OPT-Kommandos im g03 Inputfile auf RHF, CISD, CCSD und CCSD(T) Niveau mit 
einer cc-pVTZ-Basis und vergleichen Sie die Ergebnisse mit den Resultaten aus 2.2d) 
bzw. dem Experiment. Wieviele primitive und kontrahierte Funktionen hat diese Basis 
für jeden Drehimpuls? Achtung! Diese Rechnungen sind ressourcenintensiv, daher 
wählen Sie eine sinnvolle Startgeometrie und sprechen Sie Ihr Vorgehen mit dem 
Assistenten ab. Erhöhen Sie die Hauptspeicheranforderung auf 500 MB durch folgendes 
Kommando, das in der ersten Zeile Ihrer input-files stehen muss: 
%MEM=800MB 
 
Rechnen Sie „im Hintergrund“, indem Sie Ihre Rechnungen wie folgt starten:  
g03<name_ihres_input_files>name_ihres_output_files & 
 
Kontrollieren Sie mit „top“ und „tail –f name_ihres_output_files“ den Fortschritt der 
Rechnungen. Wieviel Rechenzeit haben Sie am Ende verbraucht?  
 
2.4) Geometrieoptimierung organischer Moleküle 
Ziel dieses Praktikumsversuches ist die Geometrieoptimierung und die Berechnung von 
Schwingungsfrequenzen einfacher organischer Moleküle auf RHF/6-31G* Niveau. 
 
a) Führen Sie eine Geometrieoptimierung des Ethen Moleküls (C2H4) durch. Geben Sie 
die optimierte Geometrie, die Gesamtenergie und die Schwingungsfrequenzen an. Zur 
Berechnung der Frequenzen verwenden Sie das Kommando FREQ in der ersten Zeile des 
g03 Inputfiles. Verwenden Sie zur Analyse der Ergebnisse das Programm „molden“. 



 
b) Führen Sie eine zu Aufgabe 2.4a) analoge Rechnung von Fluorethen (C2H3F) durch. 
Geben Sie die optimierte Geometrie, die Gesamtenergie und die Schwingungsfrequenzen 
an und interpretieren Sie Ihre Ergebnisse im Vergleich zu den Resultaten aus Aufgabe 
2.4a). Verwenden Sie zur Analyse der Ergebnisse das Programm „molden“. 
 
2.5) Size-Consistency: 
a) Berechnen Sie sowohl mit Hartree-Fock als auch mit Konfigurationswechselwirkung 
mit Einfach- und Doppelanregungen (CISD) die Gesamtenergie eines Systems aus zwei 
Wasserstoffmolekülen (interner H-H-Abstand 1.401 Bohr, Basis 6-31-G**) bei einem 
von Ihnen gewählten Abstand, bei dem die beiden Moleküle nicht wechselwirken. 
 
b) Vergleichen Sie die von Ihnen berechneten Energien mit denen der Monomere und 
diskutieren Sie das Ergebnis.  
 
3.) Sicherung der Ergebnisse: 
a) Erstellen Sie ein tar-file der von Ihnen erzeugten Dateien und komprimieren Sie es mit 
Hilfe des Programms gzip. 
b) Schicken Sie sich eine email, die das tarfile als Anhang enthält, so dass Sie ggf. zu 
Hause auf Ihre Files zugreifen können. 
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4 Electron Correlation 
Methods 

The Hartree-Fock method generates solutions to the Schrödinger equation where the 
real electron-electron interaction is replaced by an average interaction (Chapter 3). In a 
sufficiently large basis, the HF wave function is able to account for - 99% of the total 
energy, but the remaining - 1% is often very important for describing chemical 
phenomena. The difference in energy between the HF and the lowest possible energy in 
a given basis Set is called the Electron Correlation (EC) energy.' Physically it 
corsesponds to the motion of the electrons being coi-related, on average they are further 
apart than described by the HF wave function. As shown below, an UHF type of wave 
function is to a cestain extent able to include electron correlation. The proper reference 
for discussing electron correlation is therefore a restricted (RHF or ROHF) wave 
function, although many authors use a UHF wave function for open-shell species. In the 
RHF case all the electrons are paired in molecular orbitals. The two electrons in a MO 
occupy the Same physical space, and differ only in the spin function. The spatial overlap 
between the orbitals of two such "pair" -electrons is (exactly) one, while the overlap 
between two electrons belonging to different pairs is (exactly) zero, owing to the 
osthonormality of the MOs. This not the same as saying that there is no repulsion 
between electrons in different MOs, since the electron-electron repulsion inteprals 
involve products of MOs (($,I+,) = 0 for i fj, but (4,4,g/d,4,)  arid ($,4,IgJ4,dl) are 
not necessarily zero). 

Naively it may be expected that the corselation between pairs of electrons belonging 
to the Same spatial MO would be the major Part of the electron correlation. However, as 
the s i ~ e  of the molecule increases, the number of electron pairs belonging to different 
spatial MOs grows faster than those belonging to the same MO. Consider for example 
the valence orbitals for CH4. These are four &orbital electron pairs of opposite spin, 
but there are 12 e r o r b i t a l  pairs of opposite spin, and 12 -orbital pairs of the 
spin. A typical value for the intraorbital pair correlation of a single bond is - 20 kcall 
mol, while that of an interorbital pair (where the two MO are spatially close. as in CHj) 
is 1 kcallmol. The interpair correlation is therefore often comparable to the intrapair 
contribution. 
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Since the correlation between opposite spins has both intra- and inter-orbital 
contributions, it will be larger than the correlation between electrons having the same 
spin. The Pauli principle (or equivalently the antisymmetry of the wave function) has the 
consequence that there is no intraorbital correlation from electron pairs with the same 
spin. The opposite spin correlation is sometimes called the Coirlomb correlation, while 
the same spin correlation is called the Fermi correlation, i.e. the Coulomb correlation is 
the largest contribution. Another way of looking at electron correlation is in terms of the 
electron density. In the immediate vicinity of an electron, here is a reduced probability 
of finding another electron. For electrons of opposite spin, this is often referred to as the 
Coulomb hole, the corresponding phenomenon for electrons of the same spin is the 
Fermi hole. 

The HF method determines the best one-determinant trial wave function (within the 
given basis set). It is therefore clear that in order to improve on HF results, the starting 
point must be a trial wave function which contains more than one Slater Determinant 
(SD) @. This also means that the mental picture of electrons residing in orbitals has 
to be abandoned, and the more fundamental property, the electron density, should 
be considered. As the HF solution usually gives 99% of the correct answer, electron 
correlation methods normally use the HF wave function as a starting point for 
improvements. 

A generic multi-determinant trial wave function can be written as 

'I< = ~ O @ H F  + a,@f 
i=1 

(4.1) 

where a usually is close to 1. Electron correlation methods differ in how they calculate 
the coefficients in front of the other determinants, ao being determined by the 
normalization condition. 

As mentioned in Chapter 5 ,  one can think of the expansion of an unknown MO in 
terms of basis functions as describing the MO "function" in the "coordinate system" of 
the basis functions. The multi-determinant wave function (4.1) can similarly be 
considered as describing the total wave function in a "coordinate" system of Slater 
determinants. The basis Set determines the size of the one-electron basis (and thus limits 
the description of the one-electron functions, the MOs), while the number of 
determinants included determines the size of the many-electron basis (and thus limits 
the description of electron correlation). 

4.1 Excited Slater Determinants 

How are the additional determinants beyond the HF constructed? With N electrons 
and M basis functions, solution of the Roothaan-Hall equations for the RHF case will 
yield NI2  occupied MOs and M - N I 2  unoccupied (virtual) MOs. Except for a 
minimum basis, there will always be more virtual than occupied MOs. A Slater 
determinant is determined by NI2  spatial MOs multiplied by two spin functions to yield 
N spinorbitals. By replacing MOs which are occupied in the HF determinant by MOs 
which are unoccupied, a whole series of determinants may be generated. These can be 
denoted according to how many occupied HF MOs have been replaced by unoccupied 
MOs, i.e. Slater deterrninants which are singly, doubly, triply, quadruply etc. excited 
relative to the HF determinant, up to a maximum of N excited electrons. These 
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Figure 4.1 Excited Slater determinants generated from a HF reference 

determinants are often referred to as Singles (S), Doubles ( D ) ,  Triples (T), Quadruples 
(Q) etc. 

The total number of deterrninants that can be generated depends on the size of the 
basis set, the larger the basis, the more virtual MOs, and the more excited determinants 
can be constructed. If all possible determinants in a given basis Set are included, all the 
electron correlation (in the given basis) is (or can be) recovered. For an infinite basis the 
Schrödinger equation is then solved exactly. Note that "exact" is this context is not the 
same as the experimental value, as the nuclei are assumed to have infinite masses 
(Born-Oppenheimer approximation) and relativistic effects are neglected. Methods 
which inc&de electron correlation are thus two-dimensional, the larger the one-electron 
expansion (basis set size) and the larger the many-electron expansion (number of 
determinants), the better are the results. This is illustrated in Figure 4.2. 

In order to calculate total energies with a "chemical accuracy" of - 1 kcallmol, it is 
necessary to use sophisticated methods for including electron correlation and large basis 
sets, which is only computationally feasible for small Systems. Instead the focus is 
usually on calculating relative energies, trying to make the errors as constant as possible. 

Basic Minimum DZ DZP . . . . . .  Infinite 

HF limit 

"Exact" 

Figure 4.2 Convergence to the exact solution 



The important chemical changes take place in the valence orbitals; the core orbitals arc 
alniost constant. In many cases the interest is therefore only in calculating the 
correlation energy associated with the valence electrons. Limiting the nunlber of 
determinants to only those which can be generated by exciting thc valence electrons is 
known as the fl-ozeiz core approximation. In some cases the higliest virtual orbitals 
corresponding to the anti-bonding combinations of the core vrbitals are also removed 
from the correlation treatment (fi-ozen virtuals). Tlie frozen core approximation is not 
justified in terms of total energy; the correlation of Ihe core electrons gives a substantial 
energy contribution. However, it is essentially a constant factor, which drops out when 
calculating relative encrgies. Furthermore, if we really Want to calculate the core 
electron correlation, the standard basis sets are insufficient. In order to represent the 
angular correlation, higher angular moment functions with the same radial size as the 
filled orbitals are needed, e.g. p- arid d-functions with large exponents for correlating the 
1s-electrons, as discussed in Section 5.4.5. Just allowing excitations of the core elcctrons 
in a standard basis set does not "correlate" the core electrons. 

There are three main methods for calculating electron correlation: Cor$gurution 
Interactioiz (CI), Many Bodj Pertz~rhatiorl T h e o ~  (MBPT) und Coupled Cluster (CC). 
A word of caution before we describe these methods in niore details. The Slater 
determinants are composed of spin-MOs, but since the Harnilton Operator is independent 
of spin, the spin dependence can be factored out. Furthermore, to facilitate notation, it is 
often assumed that the HF determinant is of the RHF type. Finally, many of the 
expressions below involve double suiiirriations over identical sets of functions. To ensure 
only the unique terms are included, one of the summation indices must be restricted. 
Alternatively, both indices can be allowed to run over all values, and the overcounting 
corrected by a factor of 112. Various combinations of these assumptions result in final 
cxpressioiis which differ by factors of 112, 1 I4 etc. from those given here. In the present 
book the MOs are always spin-MOs, and conversion of a restricted summation to an 
unrestricted is always noted explicitly. 

Finally a comment on notation. The quality of a calculation is given by the level of 
theory (i.e. how much electron correlation is included) and the size o i  the basis Set. In a 
commonly used I-notation, introd~iced by J. A. Poplc, this is denoted as "level/basis". If 
nothing further is specified, this implies that the geoilietry is optimized at this level of 
theory. As disciissed in Section 5.5, the geornetry is usually much less sensitive to the 
theoretical level than relativc cnergies, and high-level calculations are therefore often 
carried out using geometries optirriized at a lower level. This is denoted as "level21 
basis2//levell/basis1", where the notation after the I/ indicates the level at which the 
geometry is optimized. 

4.2 Configuration lnteraction 

This is perhaps the easiest method to understand. It is based on thc variatioiial principle 
(Appendix B), analogous to the HF method. The trial wave function is written as a linear 
combination of determinants with the expansion coefficients determined by requiring 
that the energy should be a minimum (or at least stationary), a procedure known as 
Corsfig~~ratiotl I~lternctio~z (CI). The MOs used for building the excited Slater 
determinants are taken from a Hartree-Fock calculation and held fixed. Subscripts S, 
D, T etc. indicate deterininants whicli are singly, doubly, triply etc. excited relative to the 
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HF configuration. 

This is an example of a constrained optimization, the energy should be minimized under 
the constraint that the total CI wave function is normalized. Introducing a Lagrange 
multiplier (Section 14.6), this can be written as 

The first bracket is the energy of the CI wave f~~nction, the second bracket is the 
norm of the wave function. In terms of determinants (eq. (4.2)), these can be written as 

The diagonal elements in the sum involving the Hamilton Operator are energies of the 
corresponding determinants. The overlap elements between different determinants are 
Zero as they are built from orthogonal MOs (eq. (3.20)). The variational procedure 
cori-esponds to setting all the derivatives of the Lagrange function (4.3) with respect to 
the a ;  expansion coefficients equal to Zero. 

If there is only one determinant in the expansion (ao = I), the last equation shows that 
the Lagrange multiplier is the (CI) energy, X = E. 

As there is one equation (4.5) for each i, the variational problein is transformed into 
solving a set of CI s e c ~ ~ l a r  equations. Introducing the notation I-I, = (@iJH:I@j) the 
matrix equation becomes 

which in shorthand notation may be written as (H-EI) a = O  or as H a  = Ea. Solving 
the secular equations is equivalent to diagonalizing the CI matrix, See Chapter 13. The 
CI energy is obtained as the lowest eigenvalue of the CI matrix, and the corresponding 
eigenvector contains the a i  coefficients in front of the determinants in eq. (4.2). The 
second lowest eigenvalue corresponds to the first excited state etc. 



4.5 Size Consistency and Size Extensivity 

As mentioned above, full CI is impossible, except for very small systems. The only 
general applicable method is CISD. Consider now a series of CISD calculations in order 
to construct the interaction potential between two H 2  molecules as a function of the 
distance between them. Relative to the HF wave function, there will be determinants 
which correspond to single excitations on only one of the H 2  fragments (S-type 
determinants), single excitations on both (D-type determinants), and double excitations 
only on one of the H2 fragments (also D-type determinants). This will be the case at all 
intermolecular distances, also when the separation is very large. In that case, however, 
the system is just two H 2  molecules, and we could consider calculating the energy 
instead as twice the energy of one H2 molecule. A CISD calculation on one H2 molecule 
would generate singly and doubly excited determinants, and multiplying this by two, 
would generate determinants which are quadruply excited for the combined H4 system. 
A CISD calculation of two H 2  molecules separated by say 100 A will not give the same 
energy as twice the iesults from a CISD calculation on one H2 molecule (this will be 
lower). This problem is referred to a Size Inconsistency. A very similar, but not identical 
concept, is Size Extensivity. Size consdstency is only defined if the two fragments are 
non-iMeracting (separated by say 100 A) while size extensivity implies that the method 
scales properly with the number of particles, i.e. the fragments can be interacting 
(separated by say 5 A). Full CI & size consistent (and extensive), but all forms of 
truncated CI are not. The lack of size extensivity is the reason why CISD recovers less 
and less electron correlation as the systems grow larger. 



4.9 Coupled Cluster Methods 

Perturbation methods add all types of corrections (S, D, T, Q etc.) to the reference wave 
function to a given order (2, 3, 4 etc.). The idea in Coupled Cluster (CC) methods is to 
include all corrections of a given type to infinite order. l7  The (intermediate normalized) 
coupled cluster wave function is written as 

where the cluster Operator T is given by 

T = T i  + T ~ + T ~ + . . . + T N  (4.47) 
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The T, operator acting on a HF reference wave function generates all ith excited Slater 
determinants. 

occ vir 

occ vir 

T2Q0 = C C t{b@$ 
~ < j  a<b 

It is customary to use the terrn nrnplitudes for the expansion coefficients t, which are 
equivalent to the ai coefficients in eq. (4.1). 

From eqs. (4.46) and (4.47) the exponential operator may be written as 

The first term generates thc rcfercnce HF and the second all singly excited states. The first 
parenthesis generates all doubly excited states, which rnay be considered as corlnected 
(T2) or disconnected (T:). The sccond parentliesis generates all triply excited states, 
which again may be either "true" (T3) or "product" triples (T2T1, T:). The quadruply 
excited states can similarly bc vicwed as composed of live terms, a true quadruple and 
four product terms. Physically a connected type such as T4 corresponds to four electrons 
interacting simultaneously, whilc a disconnected terni such as T; corresponds to two 
non-interacting pairs of interacting electrons. 

With the coupled cluster wavc function (4.46) the Schrödinger equation becornes 

Multiplying from the left by @; and integrating gives 

Expanding out the exponential in eq. (4.46) and using the fact that the Hamilton operator 
contains only one- and two-electron Operators (eq. (3.24)) we get 

E„ = (@oJHJ@o) + (@o(HITl@o) + (@oJH:(T2@o) + i ( @ o / ~ J ~ y @ o )  
occ vir occ vir 

(4.52) 

E „  = + 1 C ~ ; ( P > ~ I H ( @ ; )  I C 1 (tzb + t:tp - t ; t ; ) ( m o ~ / ~ ; h )  

When using HF orbitals for constructing the Slater determinants, the first matrix 
elements are Zero (Brillouins theorem) and the second matrix elernents are just 
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two-electron integrals over MOs (eq. (4.7)). 

occ vir 

E c c  = E 0  + 1 1 (t;b + tpt,; , ) ( ( i $ j $ u $ )  ($i&l$b$u)) (4.53) 

The coupled cluster correlation energy is therefore determined completely by the singles 
and doubles amplitudes and the two-electron MO integrals. 

Only equation for the amplitudes is obtained by multiplying the Schrödinger equation 
(4.50) from the left by a singly excited determinant (@:)* and integrating. 

Only the indicated terms survive in the expansion when the orthogonality of the Slater 
determinants and the nature of the Hamilton operator is considered. The first term in the 
last equation is again Zero due to BrilIouins theorem, and the remaining forms a coupled 
Set of equations of all singles, doubles and triples amplitudes (substituting in the 
expression for the energy, eq. (4.52)). Other equations connecting amplitudes may be 
obtained by multiplying from the left by a double, triple etc. excited determinant and 
integrating. 

4.9.1 Truncated Coupled Cluster Methods 

So far everything is exact. If all cluster Operators up to TN are inlcudes in T, all possible 
excited determinants are generated and the coupled cluster wave function is equivalent 
to full CI. This is as already stated impossible for all but the smallest Systems. The 
cluster operator must therefore be truncated at some excitation level. When the T 
operator is truncated, some of the terms in the amplitude equations will become zero, 
and the amplitudes derived from these approximate equations will no longer be exact. 
The energy calculated from these approximate singles and doubIes amplitudes (eq. 
(4.53)) will therefore also be approximate. How severe the approximation is depends 
on how many terms are included in T. Including only the Tl  operator does not give 
any improvement over HF, as matrix elements between the HF and singly excited 
states are zero. The lowest level of approximation is therefore T = T2, referred to as 
Coupled Cluster Doubles (CCD) Compared to the number of doubles, there are 
relatively few singly excited states. Using T = T 1 + T2 gives the CCSD model which 
is only slightly more demanding than CCD, and yields a more complete model. Both 
CCD and CCSD involve a computational effort which scales as M 6  in the limit of a 
large basis Set. The next higher level has T = T 1 +T2+T3, giving the CCSDT 
model18 This involves a computational effort which scales as M',  and is more 
demanding than CISDT. It (and higher-order methods like CCSDTQ) can consequently 
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only be used for small Systems, and CCSD is the only generally applicable coupled 
cluster method. 

Let us look in a bit more detail at the CCSD method. In this case we have (eqs. (4.46) 
and (4.47)). 

The CCSD energy is given by the general CC equation (4.53), and amplitude equations 
are derived by multiplying (4.50) with a singly excited determinant and integrating 
(analogously to eq. (4.54)). 

The notation ( t~ t f t k  + . . .) indicates that several other terms involving permutations 
of the indices are omitted. Multiplying eq. (4.50) with a doubly excited determinant 
gives 

(@:in~l@o) + 1 t y ( @ _ / ~ @ y )  + E (t" + t:t,; - t~t,f)(@$lHl@$) 
LU ijab 

= ~ ~ ~ ~ ~ ( t ~ $ ,  + t:, t,i - tf  tn? e (4.57) 

The equations (4.56) and (4.57) involve matrix elements between Singles and triples and 
between doubles and quadruples. However, since the Hamilton Operator only contains 
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one- and two-electron operators, these are actually identical to matrix elements between 
the reference and a doubly excited state. Consider for example (@klH (@P,?). Unless m 
equals either i, j or k, and e equals either a, 6 ,  or c, there will be one overlap integral 
between different MOs which makes the matrix element Zero. If for example nz = k and 
e = c, then the MO integral over these indices factor out as 1, and the rest is equal to a 
matrix element (@" I H  @$). Similarl y, the matrix element (@:L JHJ@$;~) between a 
doubly and a quadruply excited determinant is only non-zero if nm matches up with two 
of the ijkl indices, and ef matches up with abcd. Again such non-zero matrix elements 
are equal to matrix elements between the reference and a doubly excited determinant, 
eq. (4.7). 

All the matrix elements can be evaluated in terms of MO integrals, and when the 
expression for the energy (4.53) is substituted into (4.56) and (4.571, they form 
coupled non-linear equations for the singles and doubles amplitudes. The equations 
contain terms up to quartic in the arnplitudes, e.g. (tf14 (since H contains one- and 
two-electron operators), and must be solved by iterative techniques. Once the 
amplitudes are known, the energy and wave function can be calculated. The important 
aspect in coupled cluster methods is that excitations of higher order than the truncation 
of the T operator enter the amplitude equation. Quadruply excited states, for 
exatnple, are generated by the T; operator in CCSD, and they enter the amplitude 
equations with a weight given as a product of doubles amplitudes. Quadruply excited 
states influence the doubles amplitudes, and thereby also the CCSD energy. It is the 
inclusion of these products of excitations that makes coupled cluster theory size 
extensive. 

In the above the coupled cluster equations have been derived by multiplying the 
Schrödinger equation with ( @ " I ,  (@:I and (@:L . An alternative way of deriving the 
coupled cluster equations is to multiply with (ao lepT,  (@n,le-T and (@:fnlepT. Just as 
e T  is an excitation operator working on the function to the right, epT is a de-excitation 
operator working on the function to the left. Thus (ao lepT tries to generate de- 
excitations from the reference, which is impossible, i.e. (ao lepT = ( Q o l  However 
(@;lepT generates in addition to the singly excited state also the reference wave 
function. Similarly generates additionally the reference and singly excited 
states. The main advantage is that the coupled cluster equations are obtained directly 
without having to substitute in the expression for the energy in the amplitude equations. 
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